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Summary

Automated reasoning engines, and SAT solvers in particular, have become a powerful tool
for tackling hard combinatorial problems. While SAT solvers have improved dramatically, their
effectiveness still depends critically on how problems are encoded into conjunctive normal form
(CNF). Encoding choices routinely account for runtime differences of several orders of magnitude,
yet their design remains more art than science—guided by intuition and hard-won experience
rather than a principled theory. This thesis aims to shed light on the design of effective SAT
encodings, from both practical and theoretical perspectives.

The first part is dedicated to the art of encodings. We show how clever problem-specific
encodings, together with other automated reasoning techniques, have allowed us to solve a variety
of open problems in discrete mathematics ranging from graph coloring to discrete geometry.
These encodings benefit from mathematical insights incorporated via additional constraints
or auxiliary variables that represent semantically important aspects of the problem. Notably,
some of these insights are themselves inspired by computational experiments, establishing a
symbiotic relationship between automated reasoning and discrete mathematics. We also apply
this art to computational problems in explainable Al—uncovering patterns in decision trees,
nearest-neighbor classifiers, and other symbolic models—demonstrating the transferability of our
techniques beyond mathematics.

The second part is dedicated to the foundations of a science of encodings. We present a
landscape of theoretical results regarding the number of clauses and auxiliary variables required
to encode several building blocks of propositional encodings, from cardinality constraints to
arbitrary k-CNF functions. We posit that encoding boolean functions into CNF with as few
clauses as possible offers a fascinating yet largely unexplored territory for circuit complexity.
By leveraging auxiliary variables and wide clauses, this clause-minimization model permits rich
combinatorial structures that surpass known lower bounds for circuits. Furthermore, while
clause-minimization does not always correlate with solver performance, theoretical developments
in this model have led us to novel encodings that run faster on practical problems. More broadly,
this thesis aims to establish that the clause-minimization model is not only an elegant theory,
but also a realistic path towards empirical speedups.
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Completed Work.

Using problem-specific SAT encodings, as well as symmetry-breaking techniques, and the Cube And
Conquer paradigm for parallel SAT-solving [HKB18, HKM16], we have made several contributions
to problems in discrete mathematics:

e We determined the packing chromatic number of the infinite square grid to be 15, settling a
20-year-old problem [SH23b, SH22] (SAT 2022, TACAS 2023 best paper award nominee).

e We improved the best bounds for radio-colorings of hypercubes of order 7 and 8, making
progress towards a question of Knuth [SH23a] (LPAR 2023 best paper award).

e We improved several finite bounds for the maximum number of points in general position
without a convex pentagon [SMHM24] (CICM 202 best paper award runner-up).

e We refuted a conjecture on the minimum area of a polyomino that can be folded into three
non-isomorphic boxes [QWSH25] (CADE 2025).

e We showed how SAT solving could be used to obtain symmetric solutions to problems
in discrete geometry, and determined the minimum odd number of points required for a
2-everywhere-unbalanced pointset [SMQH26] (CICM 2025 best paper award).

e We verified Norin’s antipodal conjecture for hypercubes of order 8, and improved the asymp-
totic bounds for the general case by a SAT-guided probabilistic argument [KPSS25] (Under
submission,).

Following my master’s thesis work on the computational complexity of explainable AI-—a problem
of increasing societal importance—I have leveraged the knowledge of SAT-solving learned from my
advisor Marijn Heule to empower practical methods for automatically explaining the decisions of
symbolic models. Namely:

e We solved a conjecture on the difficulty of probabilistic explanations for decision trees, a
seemingly interpretable class of models, for which explanations turn out to be NP-hard. I
designed a practical encoding to compute such explanations [ABOS22] (NeurIPS 2022).

e We designed a high-level language for querying the decisions of decision trees, and showed
using finite model theory that queries could be evaluated in PNP. We then designed an engine
compiling such queries into SAT instances [ABB"24] (KR 2024).

e We studied the complexity of explanations for k-nearest-neighbors classifiers, showing sev-
eral hardness results, and that an elegant SAT encoding could compute explanations in
practice [BKR25] (PODS 2025 distinguished paper award).

Motivated by my contribution to applied work using MaxSAT to study metrics of string
compressibility [BGIT26] (Transactions on Algorithms 2026), 1 initiated a line of research studying
how the presence of bicliques in constraint graphs can be exploited to design more compact
encodings [Sub25] (ModRef 2025). More generally, I started studying the minimum number of
clauses required to encode 2-CNF formulas, as well as cardinality constraints. Since then, I have
been joined by the extremely talented young students Andrew Krapivin and Benjamin Przybocki,
and together we have greatly expanded this line of work. Concretely,

o We solved several open problems regarding biclique partitions on graphs and their natural gen-
eralization to k-uniform hypergraphs, as combinatorial groundwork for the clause-minimization
model [KPSMS25] (STOC 2026).
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Figure 1: Summary of interactions between fields involved in this thesis proposal. Dashed arrows
indicate new directions, whereas solid arrows indicate more established directions. The acronym
‘PP’ stands for “Proposed Project”.

e We improved the best known encodings for cardinality constraints in several regimes, including a
more compact encoding for the at-most-one constraint which refuted a conjecture of Chen, and
led us not only to the first improvement on circuits for the complement threshold-2 function in
50 years, but also to answer other long-standing questions in circuit complexity. We presented
radically new encodings for the at-most-k constraint on n variables, which together with our new
lower bounds, settled the minimum number of clauses to be 2n+ ©(y/n) for any k € log® D (n).
Moreover, we showed that these encodings can sometimes be beneficial in practice, challenging
the assumption of propagation completeness being crucial for performance [KPS26] (submitted
to SAT 2026).

o We leveraged our work on biclique partitions to better understand and even characterize the
Bounded Variable Addition (BVA) preprocessing technique, which is now a key ingredient of
state-of-the-art solvers. Using an efficient algorithm from our STOC paper in combination
with existing implementations of BVA, we improve runtimes on solving the independent set
problem for random graphs [PSH26] (submitted to SAT 2026).

I view the first itemized list as SAT for Combinatorics,' the second itemized list as SAT for
Ezxplainable Al and the third itemized list as Combinatorics for SAT. I have included in Figure 1
an illustration of the interactions between these fields.

Proposed Work

As suggested by the dashed arrows in Figure 1, I will propose directions of future work that aim
for new connections between the aforementioned fields. I will also propose directions that lie
neatly within the already explored solid arrows; despite their solid representation, I see them all as
explorations in their infancy and ripe with opportunities. My main proposed projects (PPs) are:

!The website sat4math.com, which I created and maintain, compiles over 100 papers on the topic.


sat4math.com

o (PP 1. Explainable Al for SAT) Why do SAT solvers work so well on structured instances?
This question, also known as “the unreasonable effectiveness of SAT solvers”, has puzzled the
community for decades, and I believe ideas from explainable Al can be leveraged to make
progress on it. The remarkable success of Large Language Models (LLMs) has motivated a great
deal of techniques in explainable AI, and specifically, in mechanistic interpretability [SW24].
While LLMs and SAT solvers are objects of a very different nature, their explanation problems
share some similarities (e.g., they both have an autoregressive dynamic, in which earlier
decisions may “chaotically” influence later ones), so I propose to initiate a line of work
borrowing ideas from the abundant work on mechanistic interpretability for LLMs, such as
causal interventions [GIZ125] to help us understand modern solvers.

o (PP 2. Ezpanding the theory and practice of preprocessing) Another path towards making
progress in understanding the success of modern solvers is to understand the power and
limitations of their multiple different components (e.g., preprocessing, heuristics, inprocessing)
individually. As mentioned in the completed work section, we have already submitted a paper
on using graph-theoretic techniques to understand Bounded Variable Addition (BVA). There,
we developed a prototype tool BiVA that uses a biclique-partition algorithm from our STOC
paper to perform BVA-preprocessing faster. I propose to develop this prototype further into a
more general preprocessing tool that improves upon state-of-the-art preprocessing. On the
more theoretical side, I aim to study two theoretical questions regarding BVA for which I
have partial progress: (1) Can we prove upper or lower bounds on its reencoding potential
over random monotone 2-CNF formulas? (2) Can we prove upper or lower bounds on its
proof-complexity impact when restricted to the 2-CNF' fragment of formulas?

e (PP 3. Encoding size and Propagation Completeness) Propagation completeness is a desirable
property of CNF encodings, which in very rough terms says that if some of the variables have
been assigned and this is enough to semantically imply the value of another variable, then this
implication is derivable by unit propagation. Our recent work in cardinality constraints has
shown significantly smaller encodings for boolean functions, at the cost of losing propagation
completeness. Similarly, the best propagation complete encodings we know for arbitrary 2-CNF
functions have size ©(n?/lgn), whereas using Szemerédi’s regularity lemma among other
ideas we can get o(n?/lgn) clauses but losing propagation completeness. I plan to further
investigate this trade-off, and also better understand the practical impact of propagation
completeness in modern solvers.

o (PP 4. SAT for SAT) A central question in my current work is, given a boolean function
f:{0,1}" — {0,1}, what is the minimum number of clauses to encode it? Given a concrete
representation of f such as its truth table, this question itself is a computational problem
I plan to explore with SAT. Given f’s truth table and integer k, the problem of deciding
whether f can be encoded in k clauses is in XoP; while a prior: out of the SAT domain, there
are several ways of using SAT technology to attack problems in this class. A concrete goal
would be to have a program that, given any of the 22" possible functions on 8 bits, can respond
with an encoding minimizing the number of clauses, and a checkable proof of its correctness
and minimality. As detailed in page 20, I have already experienced how such finite search,
for n = 6, was able to teach me a new encoding for a function I cared about, that I then
generalized to arbitrary n. I expect that the higher the n we can reach, the more interesting
and complex patterns will emerge. This project could lead to a concrete “taxonomy” of
small boolean functions, which could also provide data for how standard properties such as
sensitivity or algebraic degree correlate with encoding size.



SAT Encodings: From Art to Science

The classic aphorism “it’s not what you say, it’s how you say it” describes quite aptly the problem
of SAT encodings: the particular way in which we express a given constraint in CNF can make a
significant difference in the ability of SAT solvers to deal with it efficiently.

I will illustrate this point with a seemingly simple example: Sudokus—it will turn out that this
example, so frequently used to explain SAT to beginners, already hides many interesting tricks that
I have not seen published anywhere.

Consider an n x n Sudoku puzzle, with n a perfect square, and recall that we must enforce
that each row, column, and \/n x v/n “box”? contains a permutation of [n] := {1,...,n}. The
most natural choice of variables for the problem is to have x; ;; represent that number ¢ will go in
position (7, j) of the grid. Then, the most direct formulation is to enforce:

1. Each cell must contain some number: we have a clause \/}_, z; ;+ for every (i,7) € [n]?.

2. No duplicates: for each row i, and number ¢ € [n] we enforce an “at-most-one constraint”

Z;;l x;j+ < 1, and proceed analogously for the columns and the boxes.

3. Respect the clues: for each given clue saying that cell (i, ) contains the number ¢, we add the
unit clause (x; ).

While the first and third constraints are already in clausal form, the second one offers significant
freedom for encodings. The abstract problem at hand is how to encode into CNF the boolean
function AtMostOne(x1, ..., x,) which is true if and only if at most one of the x; variables is true.
To be more formal, we can define encodings as follows.

Definition 1. Given a boolean function f: {1, T}"™ — {L, T}, we say that a triple (¢, X,Y’) is an
encoding for f if: (i) X is a set of n propositional variables, and Y is a set of variables disjoint from
X; (ii) ¢ is a CNF formula over variables X UY’; and (iii) for every assignment 7: X — {L, T},

f(r(z1),...,7(xn)) =T < 30:Y - {L, T}, (tU0) = .
The variables in Y are called auziliary variables, whereas those in X are called base variables.

If we restrict ourselves to encodings of AtMostOne(x1, ..., z,) without auxiliary variables (i.e.,
Y = @), the only reasonable encoding is

A @V 1)

1<i<j<n

Since this encoding uses Q(n?) clauses, it is highly undesirable for large values of n. Fortunately, we
can do much better by using auxiliary variables. The first encodings of linear size for AtMostOne were
proposed independently by several authors [War98, Sin05, AM05, GN04] and relied on introducing
auxiliary variables y; for 1 <7 < n — 1 that intuitively mean “some variable in {z1,...,z;} is true”.
The encoding then consists of the following 3n — 4 clauses:

(TiVyi),for1<i<n-—1 (2)
(Ui V Yig1), for 1 <i<m—2 (3)
(Ui VTig1), for 1 <i<n-—1. (4)

2An unambiguous definition is to partition the n x n grid into n isomorphic subgrids, and call each of them a bo;
there is only one such partition.



To verify that (2)-(4) are indeed an encoding for AtMostOne, we must check both that setting
xz; =T and z; = T for i < j leads to a contradiction (i.e., no assignment to the y variables can
satisfy all clauses), and conversely, that if at most one z variable is true then there is indeed
an assignment for the y variables that satisfies the clauses. For this encoding, both obligations
are simple: if x; = T and z; = T for ¢ < j, then by (2) we derive y; = T, and by successively
considering (3) we have the chain of implications y; — y;41 — -+ — y;—1, which leads to y;_1 =T,
and together with x; = T contradicts (4). Conversely, if at most one x variable is true, namely x;,
then it suffices to assign y; = T for j > i and check that all clauses are satisfied.

This encoding, called the sequential encoding, not only uses fewer clauses than (1), called the
pairwise encoding, but it also preserves a nice “propagation” property: upon setting any x; variable
to true we deduce that all other x; variables must be false by an efficient process called unit
propagation. To define this process formally we will need some notation. A partial assignment T
for ¢ is a partial function from the variables of ¢ to {1, T}. We then define ¢, as the formula
obtained by eliminating from ¢ all clauses already satisfied by 7, and from the remaining clauses
removing all literals that are falsified by 7.

Example 1. Let ¢ := (21 V@2) A (x1 V22 V z3), and 7 := {z1 — L, 29 — L}. Then ¢|; = (x3).

A clause containing a single literal, as in the end of the previous example, is called a unit clause.
Naturally, when encountering a unit clause (¢), the only option towards satisfaction is to extend the
partial assignment one currently has by assigning the variable of literal £ to its prescribed value.
In Example 1, this amounts to assigning xs — T. With this notation, unit propagation is the
following procedure:

Algorithm 1 Unit propagation

1: while ¢ |, contains a unit clause (¢) do
2 extend 7 by setting the variable of £ so that ¢ becomes true

Whenever line 2 is executed, we say that the literal £ is derived by unit propagation from ¢, and
denote this by ¢ k1 £. Similarly, if ¢ ends up with an empty clause as a result of this process, and is
thus unsatisfiable, we write ¢ 1 L. Unit propagation is one of the key subroutines of modern SAT
solvers and thus highly optimized for efficiency (more on this later!). As a consequence, if a partial
assignment 7 semantically entails a literal £ in a given formula ¢, it is desirable that |, -1 £, since
then solvers will efficiently derive £. This desirable property motivates the definition of propagation
completeness, introduced formally by Bordeaux and Marques-Silva [BMS12]:

Definition 2 (Propagation Completeness [KSV19]). Let f: {L, T}" — {L, T} be a boolean
function and (¢, X,Y) be a CNF encoding for f. We say that ¢ is propagation complete if for every
partial assignment 7 of X, and literal ¢ (over variables in X) unassigned by 7, we have

pr EL = (prb1lor pr1l).
We thus say, for instance, that both the pairwise encoding and the sequential encoding are
propagation-complete encodings for AtMostOne.
Okay, but can we do better?

Do better at what, exactly? Well, ultimately we want to solve Sudoku puzzles faster, but this
doesn’t tell us much about what encoding to choose until we have decent proxy metrics to judge how
different encodings will perform. Thus far, three natural metrics arise: the number of clauses, the



number of auxiliary variables, and whether our encodings are propagation complete or not. Let us
first focus on the number of clauses, assuming for now the intuitive idea that fewer clauses can lead
us to faster solving—we will see that while not always the case, this remains a decent rule of thumb.
With the above formulation for encoding Sudokus, the number of clauses is given by the sum of:

1. n?, the number of clauses to enforce that each cell contains some number,

2. 3n? - AtMostOne(n), where AtMostOne(n) denotes the number of clauses we use to encode for
each AtMostOne constraint over n variables,

3. T, the number of clues in the puzzle.

We can immediately choose to ignore the 7" term since it counts unit clauses that will be immediately
eliminated by unit propagation—in fact, increasing T" will lead to smaller encodings, not larger,
since more clues serve to eliminate other clauses by unit propagation. With the pairwise encoding
for AtMostOne, the total number of clauses is ~ %n4, whereas with the sequential encoding we get
~ 9n? clauses. In practice, using the sequential encoding is a clear improvement for a wide range of
parameters. For instance, for n = 36, and T' € {750, ...,760} uniformly random clues (i.e., =~ 57%

of the cells are given as clues), we get the following data:

@ 0.25 —@— Pairwise
g 09 —8— Sequential Encoding  Clauses Variables
= 0.15 Pairwise 24 M 46 K
% 01 Sequential 406 K 182 K
n
| I I I I 1
750 752 754 756 758 760

Number of clues

While “let’s reduce the number of clauses even further!” is a tempting takeaway from the previous
data, we will shortly see that things are more complicated. Nonetheless, it is worth following that
path anyways. It turns out that encodings for AtMostOne can get much smaller than the sequential
encoding. Before our work, the smallest known encoding was Chen’s product encoding [Chel0)],
which uses 2n + 4y/n + O(/n) clauses and 2y/n + O({/n) auxiliary variables while also being
propagation complete.

Chen’s product encoding for AtMostOne(z1, ..., x,) is re-
cursive, and usually presented in terms of a grid, as we show ,____C_ l___\_ .- :c 2: - _,____C_?_’___\
next. The base case of the recursion is when n < 4 (or some . :/: R ¥ :\:
other constant), where the pairwise encoding is used. For n > 4, l'lii EE EE :
place the n variables x1,...,, into a p X ¢ grid with p- ¢ > n, [ "

as illustrated in Figure 2. We can assume without affecting the
asymptotic analysis that p = ¢ = [\/n]. For ease of notation,

<
3
N}
P R
———— -
1
.I
1
1
1]

rename the variables so that x; ; is the variable placed on the ,:r—::::?—ﬂf:::: JI_—:_—_—_—_—_—E:

intersection of row ¢ and column j. We denote by F the set of /-35 :: :: ::E

indices (4, j) such that variable z; ; exists. W G R o
Then, create auxiliary variables r1,...,7, and c1,...,¢q,

where intuitively r; will represent that some variable in row Figure 2: Grid interpretation.
i is true, and c¢; that some variable in column j is true. We
enforce this by adding, for each variable x; ;, clauses (Z;; V r;) and (T;; V ¢;), resulting in a total of



2n clauses. Finally, we add constraints AtMostOne(r1,...,r,) and AtMostOne(cy, ..., cq), encoded
recursively with this same encoding. The resulting formula is then of the form:

PE({zi; | (i,5)) € EY) = | N\ @ijVr)A(@i;Ve) | APE(r,...,1p) APE(ct, ... c).  (5)
(i,))eE

Intuitively, this encoding enforces that at most one cell of a grid is active by enforcing that at
most one row is active and at most one column is active. More formally, correctness can be argued
by contradiction: if we suppose a satisfying assignment with variables x;, ;, and w;, j, assigned to
T (true), then every variable in S := {r;,,74,,¢j,,c;,} must be assigned to T as well, and since
(1,41) # (i2, j2), we have |S| > 3, from where the pigeonhole principle implies there must be either
2 row variables or 2 column variables assigned to T, contradicting the encoding.

Now, to analyze its size, let Cpg(n) be the number of clauses used by the product encoding for
AtMostOne(z1, . .., x,), and Apg(n) the number of auxiliary variables used. Then, from Equation (5),
we have:

(3) ifn<4

Cpe(n) =

pe(n) {Qn—I—QC’pE ([/n]) otherwise
A simple inductive argument then yields the following.

Proposition 3 ([Chel0]). Cpg(n) = 2n +4y/n+ o(y/n) and Apg(n) = 2/n+ o(y/n).

So, do we get even faster running times using this encoding? Sadly, only by a small margin:

0 ifn<4

and  Apg(n) = {2 n]+2Ape ([\/n]) otherwise.

\z“ _I_g:ﬁfﬁal Encoding  Clauses Variables
E Pairwise 2.4 M 46 k
o Sequential 406 k 182 k
S Product 391 k 132 k

| I I I I |
750 752 754 756 758 760
Number of clues

The Art of Encodings. To improve more substantially, we
will need the art: the application of problem-specific ideas that
are not yet captured by a principled framework. In this case,
we can use a variation of Chen’s product encoding tailored - V2,5:t
specifically to the geometry of Sudoku’s constraints. The main  * /]
idea is that, when we use Chen’s product encoding on a \/nx+/n 4
box, our r; and ¢; auxiliary variables can be repurposed to 5[ o2
encode the row and column constraints intersecting said box.
More concretely, for each number ¢ € [n], we introduce auxiliary
variables h,p; for 1 < r < nand 1 < b < /n, which will
represent that ¢ appears in row  between columns (b—1)y/n+1
and by/n; that is, in the intersection between row r and the
b-th box intersecting that row. Symmetrically, we introduce
auxiliary variables vp ., for 1 <b < y/n and 1 < ¢ < n, which
will represent that ¢ appears in column ¢ between rows (b — 1)/n + 1 and by/n. Figure 3 illustrates
these auxiliary variables. Now, in order to turn this into an actual encoding which we shall call the
geometric encoding, we use the following constraints:

Figure 3: Geometric encoding.



1. Each cell (¢, ) must contain some number: \/;' | x; ;.

2. Each cell implies its corresponding segment variables: (Zrc: V h,. fe/v/ml ) (Trer V Vry ) et)
foralll1<r,c<nand1l<t<n.

3. For each row, column, and box, at most one segment can take number ¢ (for every ¢ € [n]):

/\ AtMostOne({h,p+ | 1 <b < +/n}) A /\ AtMostOne({vpcr | 1 < b < +/n})

r=1 c=1
N
A N\ /\ AtMostOne({hyp | (s — 1)v/n+1 < r < sy/n})

b=1s=1
v n
A /\ /\ AtMostOne({vp et | (s — 1)v/n+1 < c < sy/n}).

b=1s=1
Adding these together, the number of clauses used by this encoding is:

n? + 2n® 4+ 2n?AtMostOne(v/n) + 2n*AtMostOne(y/n) ~ 2n3.

We now observe the following data:

D —@— Pairvise Encoding  Clauses Variables
(5] —l— Sequential - -

E Igiﬁffm Pairwise 2.4 M 46 k
H } Sequential 406 k 182 k
e Product 391 k 132 k
n Geometric 168 k 88 k

750 752 754 756 758 760
Number of clues
The danger of metrics. It turns out that a different formulation of the Sudoku problem leads

to a more compact encoding, but has terrible performance in practice. The alternative formulation
is simply:

1. Each cell contains at most one number: /\; ; AtMostOne(z; 1, . - ., Zijn).
2. Each row, column, and box contains each number at least once:

AA V) AR (Vo) ARA( V¥

c=1 c=1t=1 \r=1 b=1s=1t=1 \r=(b—1)y/n+1c=(s—1)y/n+1

This encoding, which we shall call the inverse encoding, also has ~ 2n3 clauses, but with a smaller
second order term if we use the product encoding for AtMostOne. More importantly, the inverse
encoding is so bad in practice that we cannot even benchmark it on the previous family of instances
without spending days! Here is the data for the, much smaller, n = 16:
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Why is the inverse encoding so bad? I invite the reader to take a few moments to ponder this
question.

While it may appear simple at first, I believe this example serves to motivate the desire for
rigorous explainability methods (PP. 1). As an experiment, I asked three frontier LLMs (ChatGPT
5.4 Pro, Claude 4.6 Sonnet, Gemini 3.1 Pro) to attempt their best explanation, and while all
of them gestured at it being a matter of “propagation”, none was able to produce a falsifiable
hypothesis, or a clean mathematical model that would predict these results. More generally, I posit
that the SAT community continuously faces an epistemic problem that is also shared by the machine
learning community: we are prone to make plausible hypotheses based on vague intuitions, but
lack tools to rigorously test them. A priori, we can think of SAT solvers as “transparent” (i.e.,
state-of-the-art and competition solvers are open source), but I claim that until we develop tooling
to nicely extract, visualize, and causally intervene on their executions, we will keep operating as if
they were black-boxes that we only interface with through high-level intuitions.

Let me give an example from my work on explainable Al regarding how even decision trees, often
presented as the gold standard of interpretable models, can offer interesting explainability problems.
Consider a decision tree for judging loan applications, and an applicant Jane Doe who gets approved
by the model. As depicted in Figure 4, we can have full information of the decision path taken by
the model that led to the approval outcome. However, did Jane Doe get approved because of her
prior fraud convictions or despite her prior fraud convictions? Based on our human intuition we
would think of the latter, but actually validating this hypothesis requires an argument based on
the rest of the tree. For instance, we can observe that changing that feature in Jane’s application
still leads to the approval outcome, and moreover that in fact any applicant with: a good credit
score, many assets, and a clean history of payments will get approved by the model. As we argue
in [ABK™"25], this makes the computation of rigorous explanations a challenging problem even for
decision trees. On the positive side, however, in that same work we showed how SAT solvers could
be used to compute explanations in practice, and more generally, there has been significant work
in the SAT community regarding practical proof minimization (see e.g., [WHH14]). I claim that
this “because/despite/irrelevant” problem arises naturally when understanding the performance of
encodings (e.g., does the geometric encoding perform better because it has fewer clauses, or is that
irrelevant and the speed-up is due to some other metric?), and that minimization techniques can be
useful for dealing with it.

Now, going back to the inverse encoding, I will give my best attempt of an explanation. In
the direct formulation, assigning a cell (¢, j) to number ¢t propagates via the AtMostOne constraint
(assuming propagation completeness) into discarding ¢ as potential value for all other cells in the
row, column, and box of (i,7). On the other hand, in the inverse formulation, the propagation
simply discards all other values ¢’ for the same cell (4, 7). With the former kind, assigning x; j; — T
directly assigns to false up to 3n — 2y/n — 1 other base variables, whereas the latter form only assigns
up to n — 1. However, my best guess is that more so than this number being the main factor at play,
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Jane Doe

Fraud Convictions

Credit Score: Good

Employment: Yes

Collateral: Yes

Fraud Convictions:  Yes
Assets: Many Ny

Debt Ratio: Low

History: Clean

N ) |History| |Reject| |Collatcral| |Reject|
& Reject | o 9 .
& 6’5,//{ o8 %
| Approve | | Reject | | Assets | | Reject |

|Approve| |Reject| |Approve| |Reject|

Figure 4: Example of a decision tree for judging loan applicants with binary features. The decision
path for a concrete applicant, Jane Doe, is highlighted in blue.

the key difference is that with the direct formulation at intermediate states of the search the solver
will hold partial assignments that do not contain multiple occurrences of a number in a row, column,
or box, while also not containing multiple occurrences of a value in any cell since this doesn’t really
help with satisfying other clauses. The inverse formulation however, can maintain throughout large
periods of the search a partial assignment that contains multiple occurrences of a value in different
cells of a given column (or row/box), which will be wasted time by backtracking until the solver
learns more explicit clauses implying the column-wise AtMostOne constraint. Wouldn’t it be nice to
have tooling that allowed us to make such an explanation more rigorous, falsifiable, and grounded
in data?

Proposed Project 1. I propose to develop a framework to better understand the impact
of encodings, as well as solver parameters, on the practical performance of state-of-the-art
solvers. As a first step, I would like to modify the CaDiCal solver to expose via an API a
large amount of data concerning the solver’s internal state without too much overhead. Then,
the plan is to develop a visualization tool for easier interpretability of the solver’s behavior
based on such data. After this, we would use methodologies and techniques borrowed from
the interpretable Al literature to compute higher-level abstractions from the data that are
suitable for direct human interpretation. A concrete interpretability technique I am interested
in applying is that of causal interventions [GIZ*25], which in the context of SAT solvers
could be performed by triggering specific sequences of decision variables through CaDiCal’s
existing API and studying their effects on different encodings.

Automated (Re)encodings

We have seen already in this Sudoku example that encodings matter in practice. However, designing
effective encodings is still a difficult task that requires combinatorial expertise. This can limit the
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adoption of SAT solvers both in academia and in industry; in my domain of interest, SAT for
mathematics, I have seen several times mathematicians attempt SAT-solving on a problem, and
give up prematurely due to poor results that can be attributed to suboptimal encodings (which
I know since I was then able to obtain much better results myself). This motivates the design of
automated reencoding tools that can take a CNF formula, and produce a better encoding for it by
analyzing its structure. The best example is that of Bounded Variable Addition (BVA) [MHB12],
a powerful preprocessing technique which introduces convenient auxiliary variables in order to
minimize the number of clauses. A successor of BVA, called SBVA, was the key ingredient for the
winner solver of the 2023 SAT Competition [BHI"23], and factor, a new implementation by Armin
Biere, has been incorporated into state-of-the-art solvers CaDiCal and Kissat. In our work submitted
to SAT 2026 [PSH26], we made substantial progress in understanding the effectiveness of BVA from
a theoretical perspective, and leveraged algorithms for biclique partitions [KPSMS25] to develop
a new prototype implementation, BiVA, that significantly outperforms other implementations on
random dense formulas.

Proposed Project 2. I propose to further develop automated reencoding tools, by in-
corporating structural information of the instance formulas (as in [HGH23]) to improve
performance on non-random formulas. Furthermore, I think it is important to develop tooling
for exposing to the user what the introduced auxiliary variables represent, since that can
allow for designing better encodings in the first place. For instance, the encoding that finally
allowed us to solve the 20-year-old problem on the packing chromatic number of Z? [SH23b]
was inspired by reverse-engineering BVA variables and then manually designing them in a
more structured manner. On the more theoretical side, I would like to understand better the
reencoding capabilities of current implementations of BVA on random graphs; this comes
down to a concrete, but hard, purely graph-theoretic question. The reason this is interesting is
that current implementations of BVA are based on greedy heuristics, that turn out to perform
remarkably well, so I see this question as a concrete angle of attack towards understanding
the success of modern solvers by isolating one component at a time. Separately, we have
started to study the power of BVA from a proof-complexity perspective, and have partial
results showing that it leads to exponentially shorter proofs than resolution in many formulas.
However, our current proof relies on a form of BVA which is not performed by our BiVA
tool. I would like to understand whether this gap is essential, and whether it can guide us to
design even better reencoding tools.

Back to the Theory

We have shown, through the bad performance of the inverse encoding,® that clause-minimization
is not to be followed as a unilateral goal, but rather as a guiding light towards uncovering better
encodings. In fact, several encodings that have allowed us to get speedups of multiple orders
of magnitude on combinatorial problems have arisen from thinking about reducing the number
of clauses. I hope this example, without requiring more specific mathematical background, has
illustrated some of what the “applied” side of my research looks like.

3The impact of these “flipped” formulations, which I have observed in other problems as well, always reminds me of
the following old joke: Two monks at a monastery like to smoke. The first one goes to his superior and asks: “Father,
would it be okay if I smoke while praying?” to which the superior replies “No, that would be highly disrespectful”.
The second monk goes to the same superior and asks: “Father, would it be okay if I pray while smoking?”, to which
the superior replies “Of course, any opportunity for prayer is good”.
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Now, I will discuss some more theoretical ideas, to convey as well that aspect and show it can
be impactful for the theory community. Let us consider now more directly the question of what
the minimum number of clauses to encode a Sudoku puzzle is, and we will see that we can do
much better in this metric than what I have shown thus far. First, let me take this opportunity to
showcase a recent result we proved. Our smallest encoding thus far, the inverse one, still includes
AtMostOne constraints, and thus smaller encodings for AtMostOne will lead to a smaller encoding
overall. In his 2010 paper, Chen conjectured that his product encoding used the fewest number of
clauses, and we recently managed to refute this conjecture. Our improved encoding is actually quite
simple, but it requires a change of perspective on Chen’s encoding.

First, as a conceptual move, instead of thinking of our base
variables as cells on a grid, we identify them with the edges of
a complete bipartite graph as illustrated in Figure 5. We say
that an edge is selected if the corresponding input variable is
true, and we say that a vertex is selected if it is incident to a
selected edge. Now, the key idea of the product encoding can
be rephrased as follows: at most one edge is selected if and
only if (a) at most one vertex in the left part is selected and (b)
at most one vertex in the right part is selected. Of course, the
grid interpretation and bipartite interpretation are equivalent,
but the bipartite interpretation provides a nice conceptual lens
for designing new encodings for AtMostOne.

Given a graph G, our goal is to encode AtMostOne(E(()), the constraint asserting that at most
one edge is selected. Let the input variables be wy; ;, for each {i,j} € E(G). As in the product
encoding, we introduce an auxiliary variable v; for each vertex i € V(G), and we spend 2|E| clauses
to make each edge imply its endpoints: @; ; V v; and 7;; V v;. Then, it remains to use the auxiliary
variables associated with the vertices to encode that at most one edge is selected; how we do this
depends on the choice of G. The efficiency of the encoding (i.e., how many clauses it has as a
function of |E|) depends on the edge density of the graph and how succinctly we can use the vertex
variables to encode that at most one edge is selected. As we will show next, a suitable multipartite
graph allows us to prove the following theorem, which improves on the second order term from the
product encoding.

Figure 5: Bipartite interpretation.

Theorem 4 (Multipartite Encoding). There is a propagation-complete encoding of the
AtMostOne(z1, . .., zy) constraint using 2n + 2v/2n + O(/n) clauses and v/2n + O(/n) auziliary
variables.

The multipartite encoding. We now describe an encoding for AtMostOne(z1, ..., x,) with
2n + 2v/2n + O(¥/n) clauses and v/2n + O({/n) auxiliary variables, thus proving Theorem 4. We
use the graph-theoretic strategy just described, taking G to be a complete multipartite graph with
©(/n) parts and ©(+/n) vertices within each part; we therefore call our encoding the multipartite
encoding. The constants are chosen so that G has ~+/2n vertices and ~n edges. These parameters
turn out to be a good choice for two reasons. First, G has a high edge density, which allows us to
assign more input variables to the edges of G. Second, we have a succinct way to use the vertex
variables to encode that at most one edge is selected:

Key insight: At most one edge is selected if and only if (a) at most one vertex from each part
is selected and (b) at most two parts contain a selected vertex (see Figure 6).
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(a) AtMostTwo-parts constraint is violated. (b) AtMostOne’(_; z2)-vertex constraint is violated.

Figure 6: Illustration of the multipartite encoding. Parts violating the AtMostOne-vertex constraint
are shaded red. Parts for which z; is true are shaded teal.

To materialize this encoding, we first require an intermediate construction, which is a simple
modification of Chen’s product encoding. Let AtMostOne’(z1, ..., zy,; 2) be the constraint asserting
that at most one of the variables x1,...,x, is true and that z; implies z for each i € [n]; that is
AtMostOne' (1, . .., xp; 2) <= AtMostOne(z1, ..., z,) A Niepn) (T V 2).

Lemma 5. There is a propagation-complete encoding of the AtMostOne’(z1, ..., xy;2) constraint
using 2n + O(y/n) clauses and O(\/n) auziliary variables.

Proof sketch. It suffices to use Chen’s product encoding and add one clause (77 V z) per row r;.
Then, each input variable implies z indirectly through its row. O

Now we can sketch the proof of Theorem 4.

Proof sketch of Theorem 4. Let G be the complete p-partite graph with ¢ vertices within each part
for p:= [¢/n] + 1 and ¢ := [V2- ¢/n|. This way, |[E(G)| = (§)¢*> > n. Let Pi,..., P, be the parts
of G. Assign the variables 1, ..., z, to distinct edges of G, renaming the variables so that x(; ;, is
the variable assigned to the edge {i,j}. Let E be the set of edges of G to which some variable is
assigned. Discard any vertices of G not incident to an edge from E. Introduce auxiliary variables v;
for each i € V(G) and zj, for each k € [p]. Our encoding is as follows:

ME({zggy | {idt € BN = N\ @ugy Vo) A @agy V) | A
{i,j}eE

/\ AtMostOne'({v; | i € Pi};zi) | A AtMosta(z1, ..., 2),
ke(p)

where we use the generalized product encoding for AtMosta(z1, .. ., zp) (the boolean function that
returns T if at most two of its inputs are T) which is propagation complete and uses 3p + O(p2/ 3)
clauses and O(p*/?) auxiliary variables [FG10]. Both correctness and propagation completeness are
straightforward to show.

Finally, the number of clauses is 2n + p - (2¢ + O(/7)) + (3p + O(p*/3)) = 2n + 2/2n + O(¥n),
and the number of auxiliary variables is pg + p - O(\/q) + O(p*/3) = 2n + O(¥/n). O
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The previous encoding is interesting for several reasons. First, it leverages width-3 clauses
to get a smaller encoding for AtMostOne which is a 2-CNF function. More importantly, our
encoding has direct consequences to circuit complexity. As we discuss in [KPS26], the same
construction can be adapted to obtain a circuit for the threshold-2 function Ta (the complement of
AtMostOne) with 2n++/2n+0({/n) gates, which improves on the prior best construction of Adleman
(see [Blo79]). Sergeev [Ser20] proved that every monotone boolean circuit for Ta(z1,...,z,) has
at least 2n + /(2n —4)/3 — 19/6 gates, so our improved circuit is almost optimal. Furthermore,
there is an even more striking consequence of our result I discuss next. A monotone boolean circuit
is said to be single level if every path from an input variable to the output gate goes through at
most one A gate. Sergeev showed that every single-level monotone boolean circuit for To(z1, ..., zy)
has at least 2n + 2v/n + 11 — 10 gates.* Thus, Adleman’s construction is essentially optimal for
single-level circuits, and a corollary of our improved circuit is that the smallest monotone boolean
circuits for To(z1,...,x,) cannot be single level. This answers a 47-year-old open question from
Bloniarz [Blo79, p. 158], and it should be contrasted with a result of Krichevskii [Kri64] stating
that single-level monotone boolean formulas are optimal for To(z1,...,x,). It was a long-standing
open problem whether there exists a quadratic boolean function (i.e., a disjunction of cubes of the
form x; A ;) whose single-level monotone circuit complexity is strictly greater than its monotone
circuit complexity; the negation of this statement was sometimes called the single-level conjecture.
The problem appears to originate with Bloniarz [Blo79, p. 158] and was further studied by Lenz
and Wegener [LW91] and several other authors (see, e.g., [Bub86, MS92, AMO06]). The conjecture
was finally disproved by Jukna [Juk06] using a carefully constructed quadratic boolean function.
Thus, our results show that, surprisingly, the conjecture already fails for To(z1,...,z,), the simplest
quadratic boolean function of them all.

Closing on Sudokus. So where does this leave us in terms of the minimum number of clauses
to encode Sudoku puzzles? Still at ©(n?). It turns out that we can get an encoding with only
O(n? 1g? n) clauses by resorting to heavier machinery, and using base variables x; ;; with b € [lgn+1]
stating that the b-th bit of cell (i, 7) is 1. The main insight was presented at the very beginning of
this proposal, when I explained the rules of Sudokus by saying that numbers in each row, column,
and box should be a permutation of {1,...,n}. Now, how do we check if a sequence of integers is a
permutation of {1,...,n}? A standard idea is to sort such permutation and then simply compare
the result to the sequence (1,2,3,...,n). To this effect, the celebrated AKS sorting network of Ajtai,
Komlds, and Szemerédi [AKS83] provides a circuit that sorts n input gates into n output gates with
only O(nlgn) gates. Such a circuit yields, through the Tseitin transformation, a CNF encoding
with O(nlg?n) clauses that “sorts” n numbers represented in binary by O(lgn) base variables each,
into O(nlgn) auxiliary variables representing the n integers in ascending order. We can thus obtain
an encoding for Sudoku that uses one sorting network for each row, column, and box, and then use
an O(nlgn) “comparison” for each sorting network to enforce its output coincides with (1,...,n).
I will spare the details, but it should be clear that since there are O(n) rows/columns/boxes, this
strategy yields an encoding with O(n? 1g? n) clauses overall. While the AKS sorting network has
constant factors that are too large for practical purposes, more practical sorting networks such
as Batcher’s [Bat68] are known, and useful for practical SAT encodings at the cost of adding an
additional 1g n factor to the number of clauses [ES06]. More refined sorting networks and comparison
networks for SAT encodings have also been developed since [ANORC11, Karl9], and thus the
presented encoding for Sudoku could perhaps be practical for very large values of n.

“In [Ser20], the bound is stated as 2n + 2v/n + 27 — 14. Sergeev told us that the proof contains a mistake that,
when corrected, yields the (improved) bound 2n + 2v/n + 11 — 10.
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Encoding Size and Propagation Completeness

Now that we are done talking about Sudokus, and several ideas about the art of encodings have
been presented, I would like to consider again the more general problem of encoding an arbitrary
boolean function f with as few clauses as possible. I view this as a central question of my thesis. 1
will first focus on truly arbitrary boolean functions, and then the concrete case of the Ty function,
which in the SAT literature is named AtLeasts. Both of these questions will naturally lead us to the
proposed projects 3 and 4.

First, for some contrast, it is a well-known result of Shannon [Sha49] that every boolean
function on n inputs can be computed by a circuit with O (%) gates, and that this bound is
information-theoretically tight. In comparison, we have:

Theorem 6. For a boolean function f, let us denote by enc(f) the minimum number of clauses in
a CNF encoding of f, regardless of the auziliary variables used, and let enc(n) be the maximum of
enc(f) over all functions f on n bits. Then, enc(n) = O(v/2").

The proof of the lower bound is also information theoretic, but it crucially relies on the following
fact:

Proposition 7. If a boolean function f can be encoded with m clauses, then it can be encoded with
m clauses while not using more than m — 1 auziliary variables.

Proposition 7 has a nice graph-theoretic proof, very similar in spirit to that of Aharoni and Linial
for minimal unsatisfiable formulas [AL86]. We can easily prove the lower bound with it: since we
can assume at most n 4+ m — 1 variables for encodings with at most m > n clauses, there are at
most 2(n + m) literals, and thus at most 22("*™) possible clauses. Then, the number of ways of
selecting at most m of these clauses is at most

m 2(n+m 2(n+m 2(n+m m+1
P m “\m+1) "~ m+1 -

But there are 22" boolean functions on n inputs, so if there were all encodable with at most m
clauses, we would have 2" < 2(n + m)(m + 1), from where it follows that m = Q(v/2"). Let us now
prove the upper bound.

Proof of Theorem 6 (Upper bound). Consider the set G := {x € {L, T}" | f(x) = T} of “good”
assignments we want to allow. Assume for simplicity that n is even, and note that then each
good assignment x € G can be written as the concatenation of a prefix p € {L, T}"/ 2 and a suffix
s e {1, T}”/Q. Let P be the set of all such prefixes of good assignments, and S be the set of all
such suffixes of good assignments. Next, we will construct auxiliary variables yp, for p € P, which
will imply that the first n/2 base variables of an assignment match p, and similarly zs, for s € §
for the last n/2 variables. Then, we will add a wide clause VpE p Yp to state that some good prefix
must be matched. Now, if we let Gp := {s € S| (p,s) € G} be the set of suffixes compatible with
prefix p, then for every p € P we add a clause

Up V \/ Zs-

seGp

So far, we have |P|+ 1 = 0(2”/ ?) clauses. It remains to add clauses that enforce the intended
semantics of the y and z variables. For this, we start by creating variables ¢, and yT, and clauses
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for yt — x1, and y; — Z1. Then, variables v, |,y T,y71,y7T and clauses for y, | — (y1 A T2),
y1T — (yL. A x2), and so on. More generally, for x € {1, T}* with 1 < k < n/2, we will have
clauses
(UL Vyx) A (WUxT V Yx) A (UxL V Tir1) A (UxT V Tt1),
which end up enforcing that indeed yp implies that the first n/2 base variables match p. We proceed
analogously for the z variables. To conclude the proof, note that the number of clauses introduced
to enforce the desired semantics is at most
n/2—1
2 24-2’“:8(2”/2—2)20(2”/2). 0
k=1
This encoding, however, is not propagation complete; if variables xo, . .. x,, have been assigned by
a partial assignment 7, and there is no satisfying assignment that extends 7, the previous encoding
won’t detect this until x; is assigned, since otherwise the prefix variables cannot be assigned.
Nonetheless, we can do a light modification to obtain propagation completeness, at the cost of using
20-793n clauses instead of 205", The idea is now to have variables vy with t € {L,T, *}”/ 2 where ‘*’
denotes an unassigned variable. For instance, at n = 12, we will have a variable

Y LT T L

that represents that xo = 1,23 = T,24 = T, 2 = L while the rest are unassigned. The clauses to
give them semantics are essentially the same as before, but now for each y; where t has k occurrences
of %, we will have 2k clauses regarding the possible extensions of t. Continuing with the previous
example, we would have

(Tl V2 VYL I TTl) A (GalTToL VZLV YT LT TL),

as well as n/2 — k clauses ensuring that y; implies every yy where t’ has one fewer x than t and
matches t on all non-* positions. That is,

(T LT 7oL V YusTToL) A (T LTl V Yk Tol) A

In general, for each of the 3"/2 possibilities for t, we will have n/2+ k clauses, where k is the number
of ¥’s in t, and the same for the z variables. Thus, the total number of clauses is proportional to

n/2 n/2 n/2

> (”22) 22 K (/24 k) <nd <”£ 2) 22k =y (”f) ok — p3n/2 — po(n/2)183
k=0 k=0 k=0

Since 1g3 ~ 1.58, this is O(n2%7?"), which is O(2°7"). I will spare a proof of propagation
completeness, but hopefully it is reasonably clear that it will hold essentially by construction, since
our auxiliary variables will carry the precise information of what has been partially assigned.

Interestingly, I do not know how to prove a lower bound close to O(2%793"); information theory
does not seem to capture propagation concerns nicely, and thus we will need new tools for this kind
of analysis. Being able to prove such lower bounds (or better upper bounds!) would be the ideal
outcome for the proposed project 3.

Furthermore, it is worth mentioning that in our work on cardinality constraints [KPS26], we
show how non-propagation-complete encodings can actually be practical in certain problems, thus
challenging the traditional view around this property, which has been described as “a must” [Karl9,
p. 95]. In fact, a better understanding of the empirical impact of propagation properties is tightly
related to the proposed project 1 on the usage of explainable Al for analyzing encodings. The more
contextualized quote of Karpinski’s PhD thesis on “CNF Encodings of Cardinality Constraints
Based on Comparator Networks” is:
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“Possibly the biggest mystery we can leave the reader with is: why encoding cardinality constraints
using comparator networks is so efficient? It is in fact a very fundamental question. We can only
see the empirical evidence as shown in this thesis, as well as other papers. We can compare two
networks using various measures like the number of comparators, depth, the number of variables
and clauses the encoding generates, or variables to clauses ratio. But all of those measures do not
seem to give a conclusive answer to our question, especially if we want to collate our encodings
with the ones not based on comparator networks. [Propagation completeness| is important, but
even with it we still cannot decisively distinguish between the top used encodings. In fact, being
[propagation complete] is a must if an encoding is to be competitive. It looks like another, more
complex propagation property is needed in order to theoretically prove superiority of encodings
based on comparator networks. Such property may have not been discovered yet.”

My emphasis on the last part reflects what I find most interesting from the applied perspective:
propagation completeness (and tightly related definitions such as generalized arc-consistency) are
binary properties that an encoding has or lacks, but it seems that making finer distinctions will be
helpful for theoretical work that aims to predict which encodings will perform better in practice.
For instance, analyzing the average length of “propagation chains” that lead to a deduction might
provide a more fine-grained way of distinguishing between propagation complete encodings. A
line of work in this direction that I take as a compelling starting point is the work of Gwynne
and Kullmann [GK13] appropriately titled “Towards a theory of good SAT representations”, where
a hierarchy of propagation completeness, PC; is defined. The base level PCy, corresponding to
propagation completeness in general, can be defined by requiring that semantic entailments are
derived by unit propagation alone without having to branch on any variables, whereas PCj states
that semantic entailments are derived by branching with depth at most k (i.e., k successive correct
branching decisions). Similarly, the constraint programming community has also studied different
notions of propagation strength [AGMES16], which also sets a precedent for further study of CNF
encodings as done by Kucera and Savicky [KS22]. More generally, I plan to continue studying the
minimum size of encodings for different functions and classes of functions, and the tradeoff between
propagation strength and encoding size.

Proposed Project 3. I propose to further study the encoding size measure enc(f), both for
specific functions of interest as well as classes of functions. This study shall also take into
account other metrics that can inform better predictions of practical performance, such as the
number of auxiliary variables, and different notions of propagation strength (both existing ones
and potentially new ones that I aim to discover through empirical evaluations). As mentioned
above, even the tradeoff between encoding size and propagation completeness remains unclear
for the broadest class of all boolean functions on n bits. We have an unpublished proof of
enc(f) = o(n*/1gn) for all functions f that can be expressed in k-CNF, which we expect to
polish and publish in the next month. This encoding is not propagation complete, whereas for
propagation-complete encodings the best we can do at the moment is an O(nk /lgn) upper
bound; proving a separation result here would be very interesting. In the same spirit, Kucera
and Savicky [KS22] proved separation results between two different strengths of propagation:
propagation completeness and the weaker unit-refutation completeness property. However,
their separation applies to the setting without auxiliary variables, and they leave as an
important open question whether one can prove a similar separation for general encodings.

In the remaining couple of pages of this proposal, I will show the depth of this question with a
concrete function, which will also motivate the proposed project 4.
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CNF encodings for the AtLeast, (T;) function.

Recall that AtLeasta(x1,...,z,) is the boolean function that returns T whenever at least two of its
inputs are T. This function admits a nice and simple encoding with n clauses:

n

AV

i=1 \j#i
For instance, for n = 5, we would have
(xaVasVagVaes) ANz VaesVasVas)A(xVaaVegVas)A(zrVasVaegVas) Az Ve VasVaey),

which is correct since each clause is missing a different positive base variable, so the only way to satisfy
them all is by having at least two positive base variables. It turns out that we can use a logarithmic
number of clauses only, as first proved by Ben-Haim, Ivrii, Margalit and Matsliah [BHIMM12]. The
main idea is that, if we have at least two base variables assigned to T, say, x; and x;, then there
is some bit index b € [lgn + 1] for which we have both a base variable with 1 on its b-th bit and
another one with 0 on its b-th bit; this must hold since ¢ and j are different numbers and thus must
differ on some bit. More concretely, we introduce auxiliary variables y, for b € [lgn + 1], and using
notation 4s[b] for the b-th bit of 7, we introduce clauses:

7y V \/ o | ANV \/ x|, Vbellgn+1],
i s.t. i2[b]=1 i s.t. i2[b]=0

which state that if y; is true, then there are both a true base variable whose b-th bit is 1 and a
true base variable whose b-th bit is 0. The encoding is then completed by adding a “master clause”

<\/b€[lg 1] yb) stating that the condition is met for some bit index b. This encoding uses ~ 21gn

clauses, and [BHIMM12] generalizes it for AtLeasty for small k by using perfect hash families.

Once again: can we do better? Yes, slightly; by using base 3 instead of base 2. Let t := [lgg(n)+1],
and once again we will have a master clause \/;_; y5. Now, for each symbol s € {0,1,2}, and bit
index b € [t], we add a clause

Cos = |V \/ x|,
i s.t. i3[b]#£s

which in conjunction mean that y;, implies that for each symbol s € {0, 1,2}, there is some ¢ with x;
assigned to true which differs from s in its b-th ‘trit’ (base-3 digit). If at least two variables are true,
then there is some trit b in which they differ (e.g., one takes 0, the other takes 2) which implies that
each s € {0, 1,2} has some other value s’ € {0,1,2} \ {s} which is taken by one of the true base
variables in their b-th trit. Soundness is also straightforward to prove. The number of clauses is
thus ~ 31gsn = lg% -lgn ~ 1.8931gn. Interestingly, we cannot do better by using base 4 instead of
3; the general form of the encoding using base g has ~ qlgq(n) = é lgn clauses, and the minimum
value of é is achieved at ¢ = e = 2.7172..., which makes 3 the best integral option.
In fact, we can prove the following lower bound.

Proposition 8. enc(AtlLeasts(x1,...,zy)) > lg(n).

Proof. Let ¢ be a CNF encoding for AtLeasta(x1, ..., 2, ), with a set Y of auxiliary variables. Then,
for each i € [n], let L; := {C € ¢ | x; € C} be the set of clauses containing variable x; positively.
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Now, we claim that for every pair of distinct indices 4, j € [n], we cannot have L; C L; nor L; C L;.
Indeed, assume for a contradiction we had L; C L; for some i # j. Then, if we consider the partial
assignment 7 which assigns x; — T,2; — T and all other x;, variables to L, by definition of AtLeasts
there is an extension 7’ of 7 which assigns Y so that 7 = ¢. But now, if we change 7’ into 7" by
flipping x; to L, we still have 7”7 |= ¢, since the only clauses that could lose satisfaction are those in
L;, which by the assumption L; C L; also contain x;, which is still assigned to T. Therefore, we
conclude that L; € L; for any distinct 4, j. This implies that, if ¢ has m clauses, then {L1,..., L,}
is a Sperner family of size n over m elements, which by Sperner’s theorem [Spe28| implies

= (i) =5 (1) -

so the result follows. O

We have seen three different encodings for the AtlLeasts function: a direct one with n clauses, a
binary encoding with roughly 21gn clauses and a ternary encoding with roughly 1.891gn clauses.
It turns out that out of these, only the direct encoding is propagation complete. I will spare the
proofs, but more in general, I have the following conjecture that I plan to investigate as part of the
proposed project 3:

Conjecture 1. Every propagation-complete encoding for AtlLeasty(x1,...,x,) has Q(n) clauses.

I have made partial progress towards proving this conjecture, showing that any encoding of the
general form used by the binary and ternary encoding (i.e., relying on a master clause to enforce
the constraint) must use Q(n) clauses; the proof is in my opinion beautiful, and it leverages the
celebrated Graham-Pollak theorem [GP71, GP72]: every partition of the edges of K, into complete
bipartite graphs must use at least n — 1 parts.

With hopes of better understanding the possibilities for AtlLeasts encodings, I designed a CNF
encoding for searching for small CNF encodings of this constraint (SAT for SAT). More concretely,
this meta-encoding takes as parameters the target number of auxiliary variables (a) and the target
number of clauses (m), and its variables are of the form pos; ; for i € [n +a],j € [m] to represent
that variable i appears positively on clause j, and similarly neg; ; to represent that variable i
appears negatively on clause j. For small values of a, we can enumerate all 2¢ possibilities of
assignments for the auxiliary variables and add clauses to enforce that the satisfying assignments of
our meta-encoding indeed correspond to encodings of the target function (AtLeasty in this case).
Running this with parameters n = 6,a = 1, m = 5 yielded the following:

2, 3, 4, 6, 71, [1, 3,5, 6, 71, [2, 5, 6, -71, [1, 3, 4, -71, [1, 2, 4, 5, 7].

Each list corresponds to a clause, where the base variables 1, ..., zg are represented by their index,
and the single auxiliary variable is represented by 7. After thinking for a while about what is going
on with this encoding, I not only understood its correctness, but also how it generalizes into the
following theorem:

Theorem 9. There is an encoding for AtlLeasty(x1,...,x,) using O(y/n) clauses and a single
auziliary variable.

Proof. Place the base variables into a /n X \/n grid as in Chen’s product encoding, thus renaming
them as x; ; for ¢, € [/n]. But this time, instead of creating one aux variable per row and column,
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just create one global auxiliary variable R. Now, for each row r € [{/n], create a clause

N
Row, := | RV \/ \/ Tij |

i#£r j=1

stating that either R is true or there is at least one true base variable outside of row r. Similarly,
for each column ¢ € [/n] create a clause

N
Col. := RV \/ \/ ;5
1=1 j#c

stating that if R is false then there is at least one true base variable outside of column ¢. That is
the entire encoding. Now, assume a single base variable z; ; is true. Then, if R is true, clause Col;
is falsified, whereas if R is false then Row; is falsified. On the other hand, if there are at least two
true variables, ; j and xy j, we proceed by cases. If i # i’ and j # j’, every clause Row, and Col.
is satisfied regardless of R. If ¢ = i/, then setting R to true satisfies all clauses, whereas if j = 5/
setting R to false satisfies all clauses.

O

This experience has convinced me of the value of using SAT to discover small encodings that can
show us new techniques and ideas about other encodings. Unfortunately, my current meta-encoding
does not scale well. I therefore plan on the following:

Proposed Project 4. Design a better meta-encoding, as well as symmetry-breaking techniques
towards the automated design of compact encodings for arbitrary functions with small n. My
target is n = 8, which may sound humble but I see as a very challenging number. Given that
these functions may require up to 20 clauses, and thus by Proposition 7 up to 20 auxiliary
variables, the number of potential clauses is roughly 328 ~ 2.28 x 10'3. On its own, this search
space is not that intimidating for modern solvers; the key issue is even after having guessed
what the clauses should be, checking whether they are a correct encoding is a II3P-complete
problem. I plan to draw inspiration from the work of Peitl and Szeider [PS21] which used an
efficient SAT encoding to find formulas that are hard for resolution, as well as the work of
Kojevnikov, Kulikov, and Yaroslavtsev using SAT to find small circuits [KKY09].

Conclusion

I hope to have conveyed by now a good sense of what my research is about, and what kind of results
and discussions will be part of my thesis. In a nutshell, the central object of my thesis are CNF
encodings, and the main thesis (in the sense of “hypothesis”) is that the world of CNF encodings
is much richer than previously thought, with an important part of that richness coming from the
interplay between three ideas: (1) choosing the right auxiliary variables, (2) leveraging wide clauses,
and (3) being willing to sacrifice propagation completeness in the right circumstances. Each of
these ideas challenges some folk wisdom of the field (i.e., use fewer variables, use narrow clauses,
and always strive for propagation completeness!), and while we are not the first to question these
assumptions (cf. [Bjo11]), I believe my thesis can be a fundamental contributor towards grounding
the conversation in more solid theoretical and empirical grounds.

To conclude, I offer the members of my committee (except for Marijn to whom I have already
revealed the answer) a question I posed during my invited talk at the recent BIRS workshop
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“Theory and Practice of SAT and Combinatorial Solving”: consider the three presented encodings for
AtLeasty (direct, binary and ternary one), how will they rank from best to worst in terms of runtime
to prove UNSAT when adding an AtMostOne constraint on the same input variables? Nobody
guessed it right among the BIRS participants, which I take as a symptom of our need for better
tools, both theoretical and practical, that will allow us to better predict what encodings will be
performant in practice. I plan to reveal the empirical answer during my proposal talk on April 8th.
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