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Suppose we have a dense electric circuit

16

And we want to reduce the number of wires...



Lupanov (1956) noted that if we identity bicliques

we can easily reduce each of them!
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Reduction factor
f(a, b) := ab/(a+b)




Definition 1. A biclique partition of a graph G is a set B := {By, . .., Bx} where each
B; is a complete bipartite graph, and such that E(G) = | | 5‘:1 E(B;). The weight w(8B)
of such a partition is simply w(8B) := Zle |V (B;)].



Definition 1. A biclique partition of a graph G is a set B := {By, . .., Bx} where each
B; is a complete bipartite graph, and such that E(G) = |_|l’-‘=1 E(B;). The weight w(8B)
of such a partition is simply w(B) := Zle |V (B;)|.

Lupanov’s Theorem (1956)

Let G = (X 1Y, E) be a bipartite graph with | X| = |Y| = n. Then, G admits a
R 0 : 2
biclique partition of weight at most (1 + 0(1))1g7.

Moreover, there are some balanced bipartite graphs G for which every
biclique partition has weight (1 — o(l))lg—i.
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n2

(1 —o(1) &5 < BP(n) < (1+0(1)) 5.
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Lower bound: random graph with edge probability 1/e

Pr[contain K, 3] < (n) (Z)e—a < elatb)Inn-ab
a

Say a K, is “good” if ab/(atb) 2Inn/(1-¢)

. _ _ 2
Pr[contain some good K, 5| < Z e~ < plemelin
(a,b) is good
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Upper bound: iteratively peel good bicliques

Theorem 1 (Baby KST). Let E(G) = y(5), then G contains a K ; such that the
‘reduction factor’ st /(s +t)is (1 —o(1))lgn -1g(1/y).
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Upper bound: iteratively peel good bicliques

Theorem 1 (Baby KST). Let E(G) = y(3), then G contains a K such that the
‘reduction factor’ st /(s +t)is (1 —o(1))lgn - 1g(1/y).

So if G has O(n? /g n) edges, then take each edge as a biclique.
Otherwise peel a biclique with reduction factor lg n and repeat!



Chung-Erdos-Spencer (1983)
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(0.265 — 0(1)) & < BC(n) < BP(n) < (0.721 4 0(1)) %

Sl

ST W

In this paper, we have shown that oz,(n B) = O(n*/log n). However, we do not know
the existence of

I ag(n;B) . Pg(n;B)
Im —5——— or lim — .
aniflogn ., n/logn

obviously.




Erdds—Pyber (1997)

Theorem 1 (Erd6s—-Pyber). Every graph G admits a biclique partition in which every
vertex v belongs to O(n /1gn) bicliques.
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Erdds—Pyber (1997)

Theorem 1 (Erd8s—-Pyber). Every graph G admits a biclique partition in which every
vertex v belongs to O(n /1gn) bicliques.

a ey ¢
>r The number of
Yr @ f ¢ bicliques per

vertex determines
the amount of

> (c
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4 secret they have
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Erdos-Pyber theorem for hypergraphs and secret sharing

Laszlé Csirmaz - Péter Ligeti - Gabor Tardos

Theorem 1 (Czirmaz, Ligetti, Tardos (2014)). We have

LBP(n) < (1 + 0(1))lgin, and (@ +0(1)
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Erdos-Pyber theorem for hypergraphs and secret sharing

Laszlé Csirmaz - Péter Ligeti - Gabor Tardos

Theorem 1 (Czirmaz, Ligetti, Tardos (2014)). We have

LBP(n) < (1 + 0(1))lgin, and (@ +0(1)

> ) B < LBP*(n) < (; + 0(1))

lgn

Theorem 2 (Czirmaz, Ligetti, Tardos (2014)). For d-uniform hypergraphs we have

dl

+ 0(1)) lg—n < LBP}(n) < LBP4(n) < (

1 d 1
d-2)0 " 0(1)) lg 1

0.53
d!



Our main result

Theorem 1. For d-uniform hypergraphs we have

1 n

d—1 1 nd-1
(E - 0(1)) lg_n < LBP4(n) < (E =t 0(1)) lg_n



Graph Upper bound

Step 1: Partition vertices with part size

r:=|lgn-2lglgn]

and set up an almost-regular tournament between parts




Graph Upper bound

Step 1: Partition vertices with part-size

r:=|lgn-2lglgn]

and set up an almost-regular tournament between parts

Step 2: Take each edge within a
part as its own biclique.

Each vertex participates in at
most 7 - 1 =o0(n/ 1g n) of these.




r:=|lgn-2lglgn]

Graph Upper bound

Step 3: For each part P,,
consider each of its 2"= n/1g* n
subsets S, and emit biclique (S,
A(S)) with A(S) the vertices
whose directed neighborhood in
P. is exactly S.
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r:=|lgn-2lglgn]|

Graph Upper bound

Step 3: For each part P,,
consider each of its 2"= n/1g* n (7@
subsets S, and emit biclique (S,
A(S)) with A(S) the vertices
whose directed neighborhood in
P. is exactly S.

Q: In how many such bicliques does /\/
each vertex v participate? '\ > P




Graph Upper bound

Q: In how many such bicliques does
each vertex v participate?

r:=|lgn-2lglgn]

Answer:
On the S-side, to at most O(n/ 1g* n)

On the A(S)-side, by almost
regularity to at most

[Zn_r-‘ - 21;;11

"7
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Graph Upper bound
Efficient O(n°) implementation!

Algorithm 1 Biclique Partition

Require: A graph G = (V,E) with V = [n].
L r |lgn—2lglgn]|
2: function R(j,j) = R: [[n/r]]*> — Bool
. return (i < jand d,(i,j) =0 (mod 2)) or (i > jand d,(i,j) =1 (mod 2))
4: forallie [[n/r]| do
5.0 P {(i-1)-r+1,...,i-1}
6: A« @ A: P(P) — P(V), implemented as an array of linked lists of size 21Pl = O(Ln)
7
8
9

@

g’
forallve V do
if R([v/7],i) then
: S—2c=S8:P(P)
10: forall u € P; do

11: if {u,v} € E then

12: S—Su{u}

13: A(S) < A(S) u {v} = We think of S as a binary string that indexes A
14: = forall Se P(P;) do

15: if |S| > 0 and |A(S)| > 0 then

16: | Emit (S, A(S))

172 forall {,0} € (¥) do

18: if {u, v} € E then

19: Emit ({u}, {v})




Information theory lower bound

There are 2(2)]abeled graphs on n vertices.
So any binary encoding for them

2
must use 1g(2(2)) ~ % bits on some graph.

But a biclique covering of a graph fully identifies the
graph, and as each vertex can be encoded with 1g n
bits, coverings of weight asymptotically less than
n’/ (21g n) would break the information barrier!




Optimal CES for d-Hypergraphs

Here we want a d-clique partition of weight at most

1 d
(d' +0(1)) o7

And it turns out this is easy to get after having
solved the graph case!



Optimal CES for d-Hypergraphs

We will reduce to d=2 through link graphs

H ; Gla,ce)
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Optimal CES for d-Hypergraphs

We will reduce to d=2 through link graphs

G{ﬂ,C,B} Bicliques in these link graphs are
b d-cliques in the original graph!

NN —)
>\d (b, f},1d,8},{a}, {c}, {e})
f
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Optimal CES for d-Hypergraphs

Step 1: Fix an ordering v, ..., v_of the vertices

Step 2: Separate each d-edge e := {x,..., x / into
S = first d-2 vertices in e according to ordering,
and e \ S, and place edge e \ S in link graph G,

Step 3: Decompose each link graph with an
optimal clique partition for graphs




Optimal ErdO0s—Pyber for d-Hypergraphs

Step 1: Fix an ordering v,, ..., v, of the vertices

The issue with the previous proof is that any fixed ordering puts
much more weight on some vertices than in others!

We need some way to assign edges that is equitable!




Optimal ErdO0s—Pyber for d-Hypergraphs

Step 1: Partition V(H) into d-1 parts

Step 2: Use an equitable selection strategy for
assigning edges to link graphs!

P; 1 Py
€) . @
o) (g9

a) (2,1,1) ) (1,3,0) (©) (0,0,4) d) (2,0,2)
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Optimal ErdO0s—Pyber for d-Hypergraphs

Step 1: Partition V(H) into d-1 parts

Step 2: Use an equitable selection strategy for
assigning edges to link graphs!

How to assign shapes like
(2,2,3,3,0,0,0,0,0) or (2,2,2,2,1,1,0,0,0)?
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Given a uniformly random potential hypergraph edge e,

we want the probability that part i pays for it to be
1/(d-1)
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Note that this depends only on the part-distribution of ¢, not on
its individual vertices. Therefore, if fis the function that assigns
part-distributions to parts, we want



Optimal ErdO0s—Pyber for d-Hypergraphs

Given a uniformly random potential hypergraph edge e,

we want the probability that part i pays for it to be
1/(d-1)

Note that this depends only on the part-distribution of ¢, not on
its individual vertices. Therefore, if fis the function that assigns
part-distributions to parts, we want

. . . . (x1 ...dxd_l) 1
IZr[ f(distribution of e) = i] = Z T I
(x1,-..,x3-1)€f1(d)



Optimal ErdO0s—Pyber for d-Hypergraphs

Step 2: Use an equitable selection strategy for
assigning edges to link graphs!

Definition 16. Let d > 2 be an integer. A d-distribution is a tuple (xq,...,%4_1) € IN*~! such
that x; + ... + x;_1 = d. Let §; be the set of d-distributions. A selection strategy is a function
f:8; — [d—1] such that f(x1,...,x5_1) = i for some i such that x; > 2. Then, we say a selection
strategy is equitable if for all i,j € [d — 1],

(xll---rxd—l)ef_l(i) 9 i [Py o) | (xl/"'lxd—l)ef_l(j) XNy p Xd—1

Lemma 17. For every d > 2, there exists an equitable selection strategy.



Optimal Erd3s-Pyber for d-Hypergraphs
How to assign shapes like (2,2,3,3,0,0,0,0,0) ?

It suffices to prove that their sets of cyclic rotations
{(0,2,2,3,3,0,0,0,0), ... (3,3,0,0,0,0,0,2,2),...]
always have size d-1 :)

That way, from each equivalence class under rotation
we assign one element to each part.



Optimal Erd3s-Pyber for d-Hypergraphs
How to assign shapes like (2,2,3,3,0,0,0,0,0) ?

It suffices to prove that their sets of cyclic rotations
{(0,2,2,3,3,0,0,0,0), ... (3,3,0,0,0,0,0,2,2),...]
always have size d-1 :)

The claim follows from word combinatorics, or the
orbit-stabilizer theorem!



Density-aware partitions

Theorem 1. Let y such that max{y~!,(1 - )1} = n°D. Then,

(2) ha(y) n?

where hy(x) := —x1g(x) — (1 — x) Ig(1 — x) is the binary entropy function.

hy (yn )0
Based on Stirling: ( " ) 280

nYn 21y (1= y,)n’



Density-aware partitions

Theorem 1. Let y such that max{y~!,(1 - )1} = n°D. Then,

(2) ha(y) n?

where hy(x) := —x1g(x) — (1 — x) Ig(1 — x) is the binary entropy function.

/4

So biclique partitions are an
information-theoretically optimal representation
at almost every density!



Density-aware partitions (Proof Idea)

On top of splitting into equal-sized parts (now bigger), and
setting up the almost-regular tournament, we view the
adjacencies of vertex v into part P, as a binary string like

001110101000001000000011111111000001000010000100000001
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Density-aware partitions (Proof Idea)

00111010100000100000001111 01000010000100000001

And split it into slices of roughly equal entropy := Ig (i)

Now bicliques will be within slices!

Recall: [ (B)<(ptte

i=1

D" (fji)=1g(H Il (f,))<m (o)) tg (7117) ~2 2 (),

veV slice index i veV slice index i




Algorithmic applications

The previous result implies that biclique partitions make for a
Succinct data structure!

(and compact if we also store the vertex-biclique incidence list)



Algorithmic applications

The previous result implies that biclique partitions make for a
Succinct data structure!

(and compact if we also store the vertex-biclique incidence list)

Theorem 1. Using a biclique partition of weight O(n? /1g n) as a succinct data structure
we can:

1. Given S C V, determine if S is independent in O(n?/lgn),
2. Given disjoint S, T C V, determine e(S, T) in O(n?/lgn).

Moreover, as a compact data structure, for any a« > 1, we can compute a 2a-
approximation for densest subgraph in time O(n?/lg o).



Faster algorithm for finding
density-guaranteed balanced bicliques
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Theorem 9. Given a graph with edge density y such that max{y~1, (1 — )~} = n°Q), there is a

randomized O( Zzl(g?’;) = n1+°0) time algorithm that returns a biclique Ky with t = (1 —0(1))

Ylgn
ha2(y)

with

high probability. Furthermore, if we are allowed to query the degree of a vertex in O(1) time, the algorithm

can be made deterministic.

T

- —2 . Upper bound barrier Lemma 33

1+0(1)

10 T T
18(11/ 7)
gl Bl v KST guarantee Corollary 35
— %—h , Theorem 9, in n
2 71) . 2.42
— T [MT10] in O(n*%%)

—_— 1
5lg(4e/y

Balanced biclique size
>

7, [MT10] in O(n142)

-
-
-
-
-
-‘--
-
-
-

L}
n
L]
L]
L
L
I
L]
’
’
’

04 05 06
Graph density



timal d-Clique Decompositions

\_—

RANENS for Hypergraphs

(A
%% A ,’/

<
NN
\

=14




Theorem 26

base case 5

d—1
LBP(n) ~ %lgln LMP;(n) ~ %';g—n

O(n?) construction O(n*) construction

limplies

Theorem 7 Theorem 14
implies
» 2 N d
BP(n,7y) ~ ha(y 1Z—Zn BP(n) ~ BC(n) ~ %l;—n S MP;(n) ~ MCy(n) ~ %ﬁ—n
O(m) construction O(n?) construction W O(n¥) construction
T S
: T~ _ implies AR
:imp]ies N \p 3 \1mp11es
| ~ \
Theorem 40 Theorem 9
We find Ky ; with t ~ %8_’% If 16 (z) = O(z9),
et A\ then LBP(G) = O(nl—1/(d+1)
in time O(nt/7y) en (G) (n )

Figure 2: Summary of our results. Dashed implications represent that other tools are also required.
(W := density-aware, Il := graph partitions, ™ := hypergraph partitions, M := finding bicliques)



