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Reduction factor 
f(a, b) := ab/(a+b)





Lupanov’s Theorem (1956)
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Chung–Erdős–Spencer (1983)

Upper bound: iteratively peel good bicliques

So if G has O(n2 /lg n) edges, then take each edge as a biclique.
Otherwise peel a biclique with reduction factor lg n and repeat!



Chung–Erdős–Spencer (1983)
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Important for 
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Erdős–Pyber (1997)

The number of 
bicliques per 
vertex determines 
the amount of 
secret they have 
to receive!







Our main result



Graph Upper bound
Step 1: Partition vertices with part size 
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Step 2: Take each edge within a 
part as its own biclique.
 Each vertex participates in at 
most r - 1 = o(n/ lg n) of these.
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Step 3: For each part Pi , 
consider each of its 2r ≈ n / lg2 n 
subsets S, and emit biclique (S, 
A(S)) with A(S) the vertices 
whose directed neighborhood in 
Pi  is exactly S.
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Graph Upper bound
Q: In how many such bicliques does 

each vertex v participate? 

Answer: 
On the S-side, to at most O(n / lg2 n)

On the A(S)-side, by almost 
regularity to at most



Graph Upper bound
Efficient O(n2) implementation!



Information theory lower bound

There are         labeled graphs on n vertices.
 So any binary encoding for them 

must use   bits on some graph.

But a biclique covering of a graph fully identifies the 
graph, and as each vertex can be encoded with lg n 
bits, coverings of weight asymptotically less than
 n2/ (2lg n) would break the information barrier!



Optimal CES for d-Hypergraphs

Here we want a d-clique partition of weight at most

And it turns out this is easy to get after having 
solved the graph case!
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Optimal CES for d-Hypergraphs

We will reduce to d=2 through link graphs

Bicliques in these link graphs are
d-cliques in the original graph!



Optimal CES for d-Hypergraphs

Step 1: Fix an ordering v1, …, vn of the vertices

Step 2: Separate each d-edge e := {x1,..., xd} into 
S :=  first d-2 vertices in e according to ordering, 
and e \ S, and place edge e \ S in link graph GS

Step 3: Decompose each link graph with an 
optimal clique partition for graphs



Optimal Erdős–Pyber for d-Hypergraphs

The issue with the previous proof is that any fixed ordering puts 
much more weight on some vertices than in others!

We need some way to assign edges that is equitable!

Step 1: Fix an ordering v1, …, vn of the vertices
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Example for d = 4
Step 2: Use an equitable selection strategy for 

assigning edges to link graphs!



Optimal Erdős–Pyber for d-Hypergraphs

Step 1: Partition V(H) into d-1 parts

Example for d = 4
Step 2: Use an equitable selection strategy for 

assigning edges to link graphs!

How to assign shapes like 
(2,2,3,3,0,0,0,0,0) or (2,2,2,2,1,1,0,0,0)?
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Optimal Erdős–Pyber for d-Hypergraphs

Step 2: Use an equitable selection strategy for 
assigning edges to link graphs!



Optimal Erdős–Pyber for d-Hypergraphs

How to assign shapes like (2,2,3,3,0,0,0,0,0) ?

It suffices to prove that their sets of cyclic rotations
{ (0,2,2,3,3,0,0,0,0), … (3,3,0,0,0,0,0,2,2),...}

always have size d-1 :)

That way, from each equivalence class under rotation 
we assign one element to each part.



Optimal Erdős–Pyber for d-Hypergraphs

How to assign shapes like (2,2,3,3,0,0,0,0,0) ?

It suffices to prove that their sets of cyclic rotations
{ (0,2,2,3,3,0,0,0,0), … (3,3,0,0,0,0,0,2,2),...}

always have size d-1 :)

That way, from each equivalence class under rotation 
we assign one element to each part.
The claim follows from word combinatorics, or the 
orbit-stabilizer theorem!



Density-aware partitions

Based on Stirling:



Density-aware partitions

So biclique partitions are an 
information-theoretically optimal representation 
at almost every density!



Density-aware partitions (Proof Idea)

On top of splitting into equal-sized parts (now bigger), and 
setting up the almost-regular tournament, we view the 
adjacencies of vertex v into part Pi as a binary string like

001110101000001000000011111111000001000010000100000001
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Algorithmic applications
The previous result implies that biclique partitions make for a 
Succinct data structure! 

(and compact if we also store the vertex-biclique incidence list)
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Faster algorithm for finding 
density-guaranteed balanced bicliques
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