
The CNF Encoding Complexity 
of Boolean Functions

Bernardo Subercaseaux  Carnegie Mellon University

joint work with Andrew Krapivin and Ben Przybocki



CNF Formula



CNF Formula

Boolean 
function



CNF Formula

Boolean 
function

Encodes



CNF Formula

Boolean 
function

Encodes

= 10 clauses



CNF Formula

Boolean 
function

Encodes

= 10 clauses

Can we 
do better?



Claim: the AMO function corresponds to 
                   independent sets in a clique



Claim: the AMO function corresponds to 
                   independent sets in a clique



The Magic Step



The Magic Step



The Magic Step



= 10 clauses

Yes! 9 clauses

Can we 
do better?



AtMostOne function

1. Appears everywhere! From Sudokus to Hamiltonian paths



AtMostOne function

1. Appears everywhere! From Sudokus to Hamiltonian paths

Sequential encoding: 3n-6 clauses



AtMostOne function

1. Appears everywhere! From Sudokus to Hamiltonian paths

2. Chen’s encoding (2010):          clauses.



AtMostOne function

1. Appears everywhere! From Sudokus to Hamiltonian paths

2. Chen’s encoding (2010):          clauses.

3. Kučera, Savický, Vorel (2017):                     lower bound for 2-CNF



AtMostOne function

1. Appears everywhere! From Sudokus to Hamiltonian paths

2. Chen’s encoding (2010):          clauses.

3. Kučera, Savický, Vorel (2017):                     lower bound for 2-CNF

4. Krapivin, Przybocki, S. (2026):                upper bound, wider!
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1. Appears everywhere! From Sudokus to Hamiltonian paths

2. Chen’s encoding (2010):          clauses.

3. Kučera, Savický, Vorel (2017):                     lower bound for 2-CNF

4. Krapivin, Przybocki, S. (2026):                upper bound, wider!

Applications to circuit complexity: 
• Improved circuit for Th2 (from Adleman 1976)

• Solves question from Bloniarz (1979) on single-level circuits
• Simplified refutation of the single-level conjecture (Wegener, 1991)



General progress on cardinality constraints

Sinz (2005) K. P. S. (2026)
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Optimal and Efficient Partite 
Decompositions of Hypergraphs

(STOC 2026)

Theorem: 
Every 2-CNF function on n bits can 

be encoded with

binary clauses

For more general 
graphs, partition the 
edges into bicliques
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CNF Encoding Complexity
E.g., what’s the worst case over all functions on n bits?

The real Claude (Shannon)

Yes Claude, so some CNF must use          literals

But there are         boolean functions !
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3-CNF

Our encodings
Tseitin Transform

 of Shannon‒Lupanov circuits
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    Upper bound:

Functions computable by NRAM in time 
t with m total bits of advice, b used per 

input:



Solver
e.g., Kissat

SAT

UNSAT

CNF
formula

High-level
problem

Encoding Solving
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Software vs Hardware

Fichte, Hecher, Szeider (2021)
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Encodings can matter more than software + hardware

We have gotten x4000 speed-ups on many 
concrete problems by changing the encoding

An O(n4) encoding for n = 500 cannot even be parsed 
by Kissat! So getting O(n2) makes all the difference

Design principles of effective encodings are still 
unclear; art based on hard-won experience 
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How does this fit in
 Knowledge Compilation?

(De Colnet, 2026, Dagstuhl)

CNF Encodings make reasoning easier (but still hard!)
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